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METALLURGICAL THERMODYNAMICS II

Reaction Extent and Equilibrium in Reacting Systems



Industrial processes should be maintained at a high rate and high efficiency for
feasibility

Consider the reduction of ZnO in a conventional retort to produce Zn metal

The reaction proceeds slowly due to the low contact area between solid reactants
Zn0(s) + C (s) =Zn(g) + CO(g)

The rate of the reaction is enhanced when CO gas is used as the reducing agent
instead of solid carbon
ZnO(s) + CO(g) = Zn(g) + CO,(g)

Thermodynamics does not indicate which reaction has the higher rate, the mass
diffusion and transport rates are subjects of Kinetics

However one can estimate the maximum conversion of reactants to products at
equilibrium temperature and pressure by computing the free energy of the reactions

The reaction extent is that variable that determines the progress and efficiency of the
reaction

Both the rate and efficiency of any reaction depend on the temperature, pressure and
composition of the reactants and both are taken into account in the laboratory analysis
for a commercial industrial process



Consider the oxidation of sulfur dioxide to sulfur trioxide

1
SO,(g) + > 0,(g) = SO5(g)

The rate of the reaction is very low at ambient temperatures and a vanadium pentoxide
catalyst promotes the reaction appreciably above 300 C

The equilibrium conversion of sulfur dioxide to trioxide below 500 C is greater than 90%
The reaction extent decreases rapidly at higher temperatures, to as low as 50% around
700 C

One would operate the reactor at a high temperature on the basis of rate alone but half
of the reactants would be wasted

The optimum operating temperature would be between 300-500 C

The effect of temperature, pressure and composition on both reaction equilibrium and
rate should be considered



Equilibrium criterion for chemical reactions

Recall that the total Gibbs free energy of a closed system at constant temperature and
pressure must decrease during an irreversible process
The condition for equilibrium is reached when

AGT,p: 0 = AG° + RTInK

Considering this criterion for a single chemical reaction, it is seen that any change in
the reaction at constant T and P should decrease the total Gibbs free energy

The equilibrium state of a closed system at constant T and P is the state for which the
total Gibbs free energy is a minimum with respect to all possible changes

GTotal

dGTotaI:O



Equilibrium criterion for chemical reactions

The equilibrium state of a closed system at constant T and P is the state for which the
total Gibbs free energy is a minimum with respect to all possible changes

In a single reaction system the total differential of G is

d(nG) = (nV)dP — (nS)dT + z Y; dn;

dn; may be replaced by v;de
d(nG) = (nV)dP — (nS)dT + z viU; de

Criterion for equilibrium

Z a(nG) d
V:lUl: = =
7 de GTotal
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The chemical potential of a species in a solution is the partial Gibbs free energy of that
component

Ui =G° +RTInaq;
Applying the equality to the equilibrium criterion yields

zvi(GOi + RTIng;) =0

ZviGOi 4 RTZln(ai)"i =0

| - Zui6
> (e =In | [(ay = =22
or

U wes
[ [ =exp—=— =k

In simpler form

—RTInK = Zvi Oi = AGO

The equilibrium constant K is the connection between Gibbs free energy of a reaction
and the reaction extent (by the activity term)
K is a function of only T and represented by the activities of the individual species
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Definition of reaction extent
Consider the reaction CH,(g) + H,0(g) = CO(g) + 3H,(g)

The stoichiometric numbers are negative for the reactants, positive for the products and
zero for inert species

Vena=-1
Vizo="1
Veo=1
Vi =3

The changes in the numbers of molecules of the species present are in direct proportion
to the stoichiometric numbers:

dnl g | dnz | dn3 1 dn4

The terms are equal and related to an amount of reaction as represented by a change in
the number of moles chemical species



The definition of reaction extent arises by collectively identifying the equal terms with a
single quantity:

dn; dn, dn; dny
— == = i mny dg
V1 V> V3 Vy

The general relation between a differential change dn; in the number of moles of a
reacting species and the reaction extent de is therefore:

dn; = v;de

Integrating from an initial unreacted state where ¢ =0 and n; = n;, to a state reached
after an arbitrary amount of reaction gives

n; &€
j dn; = vij de or n; = Njo + Vi€
0

Njo

The variable ¢, called the reaction extent or reaction coordinate characterizes the
degree to which a reaction has advanced

Summing over all species gives

n=Zni =Zni0+82vi off n =ngy + ve where
n=yni,n0 =7ni0,v=71/i




Thus the mole fractions y; of the species present are related to ¢ by

Vi =—_— =

n; Nio -+ Vi€
n No + ve

Example — Consider a vessel which initially contains only ny moles of water vapor that

decomposes according to the reaction:

1
H,0(g) = Hy(g) + > 0,(9)

Vh2o =-1 Nppo0 =MNo — € i
Vyo =7 Nyo, = € 0,9
Vo2 =0.5 Npo = 0.5¢ 0.8
Vtotal =05 ntotal = no + 058 ok
Ng — € g 0,6
V79T, ng + 0.5¢ gos
€ 2,

= s 04

E ng + 0.5¢
0.5¢ F
YH? ng + 0.5¢ &
The fractional decomposition of water vapor ©2
Ng—MNpyo No—(Mg—¢&) € 0
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The mole fractions y; of the species present in all reactions related to extents ¢; of |
reactions are obtained as

yi = ng Mo+ XV
on ngt+Xve

Example — Consider a system with two reactions occurring simultaneously in the
presence of 2 moles of CH, and 3 moles of H,0O

CH,(g) + H,0(g) = CO(g) + 3H,(g) (1)
CH,(g) + 2H,0(g) = CO,(g) + 4H,(g) (2)
Reaction 1 Reaction 2
2_ .
Vega =-1 Vega =-1 Nega =2 — &1 — & YcH4 = ﬁ
35285
V2o =-1 VH20 =-2 Ngao =3 — & — 2& YH20 = ﬁ
&1
Veo =1 Veo =0 Nco = &1 Yco = 542,42,
)
Veoz =0 Veoz =1 Ncoz2 = &2 Yco2 = 5+22,42¢8,
3g,+4
Vg =3 VH2 = Ny, = 3& + 4¢, Y2 = #ﬁzz
Vtotal =2 Viotal =2 Niotal = 5+ 2&1 + 2¢,

The composition of the system is a function of two independent variables ¢;and &,



Effect of T on equilibrium AG® = Z ;G2

AG° is the difference between the Gibbs free energies of the products and reactants
when each is in its standard state as a pure substance at the system temperature and at
a fixed pressure

The value of AG? is fixed for a given reaction once the temperature is established and is
independent of the equilibrium pressure and composition

The general standard property change for a reaction is expressed as follows which
holds also for AH°and AS°
AMO = z Vl'Moi

The relations between the standard heat of reaction and the standard Gibbs free energy

change of reaction was developed as GO,
0 Zd ﬁ
HEH TR et
ZviGol
¢(“%)

z viH% = —RT? ——
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The dependence of AG° on temperature was obtained as

4 (A6°
RT AH°

dT RT?
0
Since ARiT = —In K, the effect of temperature on the equilibrium constant is obtained as
0
g = k| van't Hoff egn
dT RT?

Standard enthalpy change of a reaction may be considered independent of temperature
for a reasonable approximation with the result that a plot of In K vs. % IS a straight line

; _AS
i ===
Intercept =5
K AH°<1 1) LA
=2 Hi::U0=i 5
K R\T T =
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The heat of reactions can be obtained by
performing the reactions in a calorimeter or
from the standard enthalpies of formation
and the heat capacities of the species

The entropy change of reactions can be
calculated from the absolute standard
entropy values and the heat capacities of
the species
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Dependence of the equilibrium constant on temperature of the reaction (considering
properties at reference T,) ANGP = AH? = TAS"

. " ACp . . T ACS dT
AH® =&H{5 + R dT AS° = AS;+ R —
T R T
1y To
T ACO T AC—, dT
AG°=AH°+R/ PdT—TASC—RT/ isoall
0 T() R 0 Tﬂ R T
AH? — AG?
ASE = 0 Q
0 T{_}
o 0 o T o Y O
RT RTy RT T To R To o
K = KoK K>

—-AGy
Ko = exp( RT{)U)

AHZ T.
K Eexp[ RT[? (1 — ?ﬁ)]

Tl T AC3 d
K2ECXP(——/ ”dT+f got

)




Example — Calculate the equilibrium constant for the vapor-phase hydration of ethylene
at 145 C and at 320 C CoH4(g) + HrO(g) — C>HsOH(g)

Heat capacity data

Ethylene hydroxide — 3.518+0.02T-0.000006T2
Ethylene — 1.424+0.0144T-0.0000044T2
Water — 3.47+0.00145T+12100/T2
Standard Enthalpy of formation
Ethylene hydroxide — -235100 J/mol
Ethylene — 52510 J/mol

Water — -241818 J/mol

Standard Gibbs free energy

Ethylene hydroxide — -168490 J/mol
Ethylene — 68460 J/mol

Water — -228572 J/mol

AGjis _ —8378+45792 45792 23121 oo o

RT  (RB1AN298.15) ~ BIIMMAIsIE) & 4815 « e 1=l
AGY; _ —8378+45792 45792 =
2 - - | . + - — —— D..(‘..(

RT (8.314)(298.15)  (8.314)(593.15) © 593.15 .



Relation between equilibrium constant and composition

For a reaction occurring in the liquid phase, the equilibrium constant is expressed as

K = H(ai)vi

Activity is a function of activity coefficient and concentration of the components

P, P

=P_io=)/ixi_

a’l, P'O
l

Liquid phase components are insensitive to gas pressure, so for liquid phase reactions

K = H(Vixi)vi



For a reaction occurring in the gas phase, the equilibrium constant is expressed as

k=] |

Activity reflects the nonidealities of the equilibrium mixture and is a function of
temperature, pressure and composition
Equilibrium constant K is a function of temperature only

The composition at equilibrium must change with pressure for [[(a;)"i to remain
constant at a fixed temperature

So K is expressed as K = H(yiyiP)"i since a; = y;y;P
where y; is the activity coefficient, y; is concentration and P is pressure

or H(Viyi)vi = P7VK

Equation relates reaction extent ¢, to pressure since concentration y; Is a function of &,

Equilibrium compositions and reaction extent is calculated by specifying temperature,
pressure and equilibrium constant



Some basic conclusions that hold for all reactions are derived from the equations by
considering the mixture as an ideal gas so that y;=1
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Example — The following reaction is carried out under different sets of conditions
Assuming the mixture behaves as an ideal gas, calculate the fraction of steam reacted

in each case

CO(g) + H,0(g) = CO,(g) + H,(g)

a) There are initially 1 mole of H,O vapor and 1 mole of CO at 1100 K and 1 bar

From the previous figure K=1 obtained at 1100 K

0,6

VCO :'1 nCO = 1 = ge
Vyoo =-1 Ngoo =1 — &
Veoz =1 Ncoz2 = e
Ve =1 Ny, = &g
Vtotal =0 Ntotal = 2

1—¢,
Yco = 5

1—¢,
YH20 = 5

86
Yco2 = 7

ge
YH2 = ?

2

K — Yco2YH2 €e 1

YcoYH20 '] (1—¢,)? I

= 533 Ee:E

co
e H20

CO2
0,2 : H2

Concentration

0,1

+
0 0,2 0,4 0,6 0,8 1
Extent

Ng — Np20 _no—(no—se) & _l
Ny Ny Ny
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Example — The following reaction is carried out under different sets of conditions
Assuming the mixture behaves as an ideal gas, calculate the fraction of steam reacted in
each case

CO(g) + H,0(g) = CO,(g) + H,(g)

b) Same as (a) except the pressure is 10 bar

The increase in P has no effect on the extent since the total stoichiometric number is O

Vco =-1 Nco = 1-— Ee 0,6 :
Vh2o =-1 Np2o =1 =& i
/| i 0,5
Veoz =1 Nco2 = Ee :
VHZ :1 Tle = ge 1) :
Viotal =0 Niotal = 2 § '
Ju ] ' co
1—¢, 8 ' : 22156
Yco = 5 B : co2
0,2 ! H2
1—¢, |
YH20 = 5 ] !
Ee .
207 I .
Yco 5 : |
Ee 0 0,2 0,4 0,6 0.8 1
YH2 = ? Extent
2 - . — 1
Yco2YH2 Ee 1 o sz L SIGd s DR AN
K = — lszzié 1= 3 I SR E]

YeoVuzo (1—¢€)%2 2 Ny no ng



Example — The following reaction is carried out under different sets of conditions
Assuming the mixture behaves as an ideal gas, calculate the fraction of steam reacted in
each case

CO(g) + H,0(g) + N3(g) = CO,(g) + Hy(g) + N2(g)

c) Same as (a) except 2 mole N, added to the reactants

N, dilutes the mixture so that the initial number of moles are increased to 4

VCO :'1 nCO =1 /+ ge Al

Vh2o =-1 Npzo =1 — &
Veoz =1 Nco2 = &e e
Vg =1 Ny = &
vy =0 Ny = 2 _ 02
Viotar =0 Niotal = 4 % L)
1 — Ee £ 0,15
Yco = S ——H20
4 3 co2
1—-¢, 0,1 ')
YH20 = 4
€e 0,05
Yco2 = 4
Ee 0
YH2 = — 0 0,2 0,4 0,6 0,8 1
o 4 : i Extent
Equilibrium constant and reaction extent is unaffected
2 = — — 1
Yco2YH2 € 1 Mg —Ngzg Mo — (Mo — &) &
K= = € === 1=z == — LE

VeoVuzo (1 — €,)2 2 Ny no ng



Example — The following reaction is carried out under different sets of conditions
Assuming the mixture behaves as an ideal gas, calculate the fraction of steam reacted in
each case

CO(g) + H,0(g) = CO,(g) + H,(g)

d) There are initially 2 moles of H,O vapor and 1 mole of CO at 1100 K and 1 bar

0,7

Vco =-1 Neco = 1-— Ee
Vh2o =-1 Np20 = 2 — & O
Veoz =1 Ncoz2 = &e 3
Vi =1 Npz = & c
=
Veotar =0 Ntotal = 3 g 04 co
1—¢, 8 ) ——H20
Yco = 3 g : coz
2 — &, 0.2 : H2
YH20 = i
88 3 0,1
Ycoz = 3
3 0 1
& 0 0.2 04 06 08 1
YH2 = ? Extent
Extra H,O increases the reaction extent but the conversion of steam decreases
2
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Example — The following reaction is carried out under different sets of conditions
Assuming the mixture behaves as an ideal gas, calculate the fraction of steam reacted in

each case

CO(g) + H,0(g) = CO,(g) + H,(g)

e) There are initially 1 mole of H,O vapor and 2 moles of CO at 1100 K and 1 bar

CO

1
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2 — Ep % 0,3
Yco = 3 P
0,2
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Extra CO increases both the reaction extent and the conversion of steam
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Example — The following reaction is carried out under different sets of conditions
Assuming the mixture behaves as an ideal gas, calculate the fraction of steam reacted in
each case

CO(g) + H,0(g) = CO,(g) + H,(g)

f) There are initially 1 mole of H,O vapor,1 mole of CO and 1 mole of CO2 at 1100 K and
1 bar

1,4

VCO :'1 nCO = 1 = ge
V2o =-1 Ngoo =1 — & 1,2
Veoz =1 Neoz = 1+ & )
Ve =1 Ny, = &g |
Vtotal =0 Ntotal = 3 % 0,8 LA
£
3 ——H2
1 — 20,6 ¥
Veo = Ee 8 ! co2
co — |
3 ol ' H2

1—¢, i
yHZO F i 3 0,2 \;'\
1+€€ . i \

Ycoz = 3 0 0,2 0,4 0,6 0,8 1
€e Extent
YH2 = 3
Extra CO, decreases both reaction extent and conversion of steam
YeozVuz (1 + &)e, 1 o gz BP0 s EVRRT R
K = = = 3 FERE D
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Example — The following reaction is carried out under different sets of conditions
Assuming the mixture behaves as an ideal gas, calculate the fraction of steam reacted in

each case

CO(g) + H,0(g) = CO,(g) + H,(g)

g) There are initially 1 mole of H,O vapor and 1 mole of CO at 1650 K and 1 bar

From the InK vs 1/T figure K=0.316 obtained at 1650 K

0,6

VCO :'1
Vh2o =-1
Vcoz =1
VHZ :1
Viotal =0
1—¢,
Yco = 5
1—¢,
YHz0 = 5
86
Yco2 = 7
ge
Y2 = ?

ncazl—ge
Ngoo =1 — &

Ncoz2 = e
Ny, = &g
Ntotal = 2

Concentration

co

2206
o2

0,2 : H2

0,1

0 1
0 0,2 0,4 0,6 0,8 1

Extent

Reaction extent and steam conversion decreases with increasing T since reaction AH>0

EE YCO2YH2 __

2

= 0.316

ycoYuzo  (1—€0)?

—e, =036 =

Ng —Ngzpo  No — (Mo — &) 2556
Ny Ny L

= 0.36




Example - A furnace is fed with 2 moles of CO fuel and stoichiometric O, gas for
preheating to 700 C as a result of the following combustion reaction at 1 atm:
2CO(g) + 0,(g) = 2CO,(g)

The free energy of the combustion reaction if 400kJ at these conditions

Express the concentrations of the species in terms of reaction extent

Obtain the reaction extent and the equilibrium mole numbers of the species



